Abstract: Phase structure of the quintessence Reissner-Nordström-AdS black hole is probed by the nonlocal observables such as holographic entanglement entropy and two point correlation function. Our result shows that, as the case of the thermal entropy, both the observables exhibit the Van der Waals-like phase transition. To reinforce this conclusion, we further check the equal area law for the first order phase transition and critical exponent of the heat capacity for the second order phase transition. We also discuss the effect of the state parameter on the phase structure of the nonlocal observables.
Introduction
Investigation on the thermodynamic phase transition of a black hole is always a hot topic in black hole physics. On one hand, It is helpful for us to understand the nature of some quantities of black holes such as entropy. On the other hand, it also may shed light on the understanding of the relation between gravity and thermodynamics. Until now there are many works to study the phase transition of black holes. The AdS space time is the most popular background for it exhibits more abundant phase structures comparing with its counterparts. The particular phase transition in AdS space time is the Hawking-Page phase transition between the AdS black hole and thermal gas [1] , which is interpreted as the confinement/deconfinement phase transition in the dual gauge field theory [2] . Another interesting phenomenon for a charged AdS black hole is that it exhibits the Van der Waals-like phase transition in the T − S plane [3] . Namely the black holes endowed with different charges have different phase structures. As the charge increases from small to large, the hole will undergo first order phase transition and second order phase transition successively before it reaches to a stable phase. Recently in the extended phase space, where the negative cosmological constant is treated as the pressure while its conjugate acts as the thermodynamical volume, the Van der Waals-like phase transition is reconstructed in the P − V plane [4, 5, 6, 7, 8, 9, 10] . It was stressed that there is a duality between the Van der Waals-like phase transition in P − V plane and T − S plane similar to the T-duality of string theory [11] .
In this paper, we intend to study the Van der Waals-like phase transition in the framework of holography. Our work is based on the previous study in [12] where the phase structure of entanglement entropy is studied in a fixed charge ensemble and chemical potential ensemble. They found that the phase structure of entanglement entropy was similar to that of the thermal entropy for a charged black hole. They also studied the critical behavior of the heat capacity in the neighborhood of the critical point and found that the critical exponent was the same as the one of the thermal entropy for the second order phase transition of holographic entanglement entropy. In light of these interesting results, this work was extended to the extended phase space later, where the cosmological constant was treated as a thermodynamical variable. It was found that the entanglement entropy has the similar phase structure as that of the black hole entropy too [13] . In [14] , Nguyen investigated exclusively the equal area law of holographic entanglement entropy and found that, as the case of thermal entropy, the equal area law holds for the entanglement entropy regardless of the size of the entangling region. Very recently [15] investigated entanglement entropy for a quantum system with infinite volume, and [16] investigated entanglement entropy in the bulk with Weyl correction, both of their result showed that there ia a Van der Waals-like phase transition in the entanglement entropy-temperature plane.
Note that in all the works mentioned above, the authors considered only the phase structure of entanglement entropy in the field theory. In this paper, we will further study the phase structure of two point correlation function besides that of the entanglement entropy. The two point correlation function is also a nonlocal observable and to some extent it has the similar properties as the entanglement entropy. For example, both of them can probe the non-equilibrium thermalization behavior [17, 18, 19, 20, 21, 22] , superconductor phase transition [23, 24, 25, 26, 27, 28, 29, 30] , and cosmological singularity [31, 32] . In this paper, we intend to explore whether it exhibits the Van der Waals-like phase transition as the entanglement entropy.
We choose the quintessence Reissner-Nordström-AdS black hole as the gravity background. Quintessence dark energy model is an important model that can explain the acceleration expansion of our universe. The black hole is a crucial component of the universe, so it will be interesting to exploring the effect of quintessence dark energy on the properties of black holes. Some attempts about this topic have been done until now. In [33, 34] , the quasinormal modes and Hawking radiation of the black holes surrounded by quintessence have been studied. In [37] , the phase structure of the quintessence Reissner-Nordström-AdS black hole has been investigated in the extended phase space. Especially recently, there are also some works to study the quintessence AdS black hole in the framework of holography. [35] discussed effect of the quintessence dark energy on the formation of the superconductor. [36] studied the influence of quintessence dark energy on the non-equilibrium thermalization. At present, although the dual field theoretical interpretation about the quintessence is still unclear, with the further investigations, one can get better understanding. With this motivation, we will study the phase structure of the quintessence Reissner-Nordström-AdS black hole This paper is organized as follows. In the next section, we will discuss the thermal entropy phase transition in the space time dominated by the quintessence dark energy. We mainly concentrate on phase transition in T − S plane in a fixed charge ensemble, which is shown to be the Van der Waals-like phase transition. In Section 3, we study phase transition of the holographic entanglement entropy and two point correlation function respectively and find that that both of them exhibit the Van der Waals-like phase transition. Particularly for each observable, the equal area law is checked and the critical exponent of the heat capacity is obtained. The last section is devoted to discussions and conclusions.
2. Thermodynamics of the quintessence Reissner-Nordström-AdS black hole
Quintessence Reissner-Nordström-AdS black hole
For a space time dominated by the quintessence dark energy with energy-momentum tensor
(2.1)
where ρ q is dark energy density, ω is state parameter, and B is an arbitrary parameter depending on the internal structure of quintessence, the charged AdS black hole solution can be written as [38] 
where 4) in which l is the AdS radius which will be set to 1 during the numerics, a is the normalization factor which relates to the density of quintessence with the relation
In cosmology, it is well known that for quintessence dark energy −1 < ω < −1/3, while for phantom dark energy ω < −1. Mathematically, from Eq.(2.4), we know that for different values of state parameter ω, the dark energy has different effect on the space time. For ω = −1, the dark energy affects the AdS radius that is related to the cosmological constant. While for ω = −1/3, the dark energy affects the curvature k of the space time. From Eq.(2.4), we can get the Hawking temperature of this space time
which is regarded as the temperature of the dual conformal field theory according to AdS/CFT duality. In addition, according to the entropy area relation, we also can get the entropy of the black hole
in above equations r + is the event horizon of the black hole, which is the largest root of f (r + ) = 0.
Van der Waals-like phase transition of black hole entropy
Substituting (2.7) into (2.6) and eliminating the parameter r + , we can get the relation between the temperature T bh and entropy S of the quintessence Reissner-Nordström-AdS black hole, that is
Based on this relation, we will study the Van der Waals-like phase transition in the T − S plane. In fact, it has been shown that there also exist Van der Waals-like phase transitions in the P − V plane, T − S plane, and Φ − Q plane for a charged black hole in the extended phase space, in which the cosmological constant is treated as a thermal variable. To compare with the phase transition of entanglement entropy and some other nonlocal observables directly, we focus on only the phase transition of thermal entropy in the T − S plane in this paper. We will also pay attention to the affect of both ω and a on the phase structure of the black hole. We take ω = −1, −2/3 and a = 0.5/2, 1.1/2 as examples.
In order to understand the phase transition in the T − S plane, we should first find the critical charge, which is determined by the following equations
Inserting (2.8) into (2.9), we find for ω = −1, the critical charge, critical entropy and critical temperature can be expressed as
10)
, (2.11) 12) and for ω = −2/3, these quantities are
14)
All these critical values are useful for us to study the critical behavior of heat capacity near the critical point next.
With (2.8), we now plot the isocharges for different ω and a, which are shown in Figure  1 . In (a) and (b) of Figure 1 , the curves from top to down correspond to the isocharges for the case Q = 0.6/6, 1/6, 1.4/6. In (c) and (d), these curves correspond to Q = 0.6
. It is obvious that for a fixed ω and a, the phase structure of the quintessence Reissner-Nordström-AdS black hole is similar to that of the Van der Waals phase transition. That is, for the small charge, which corresponds to the top curves in each graph in Figure 1 , there is an unstable hole interpolating between the stable small hole and stable large hole. The small stable hole will jump to the large stable hole as the temperature of the hole is larger than the critical temperature T ⋆ . As the charge increases to the critical charge, the smallest hole and the largest hole merge into one and squeeze out the unstable phase. So there is an inflection point in the middle curves for each graphic in Figure 1 . According to the definition of the specfic heat capacity 16) we know that the heat capacity is divergent at the inflection point and the phase transition near there is second order. As the charge exceeds the critical charge, the black hole is stable always, which correspond to the lowest curves in each graph in Figure 1 . In addition, from Figure 1 , we can also observe how ω and a affect the phase structure. From the top curves in (b) and (d), we know that as ω decreases, the unstable stage is longer. So the large ω promotes the hole to reach the stable stage. From the top curves in (c) and (d), we know that the large a delays the hole to reach the stable stage. For the first order phase transition in Figure 1 , we will check whether Maxwell's equal area law holds, which states
(2.17)
Obviously, to check this equation, we should first find the value of the critical temperature T ⋆ . Usually there are two different ways to get it. On one hand, one can construct an equation that produces the temperature with the supposition that the equal area law is true. On the other hand, one can find the horizontal coordinate of the junction of the swallowtail structure in the F − T plane, where F = M − T S is the Helmholtz free energy. Here our goal is to check the equal area law and the second method thus is more appropriate. The relations between F and T for different ω and a are plotted in Figure 2 . We can see that there is always a swallowtail structure in each graph, which corresponds to the unstable stage of the first order phase transition in Figure 1 . Now we take ω = −2/3, a = 0.5/2 as an example to show how to check the equal area law. From (a) in Figure 2 , we find T ⋆ = 0.2448. Substituting this Table 1 . It is obvious that A 1 equals A 3 roughly for different ω and a, so the equal area law holds. In other words, though ω and a affect the phase structure of thermal entropy, it does not break the equal area law. For the second order phase transition, we are interested in the critical exponent associated with the heat capacity defined in (2.16). We take ω = −2/3 as an example. Near the critical point, writing the entropy as S = S c + δ and expanding the temperature in small δ, we find
in which we have used (2.9). With the definition of the heat capacity, we find further C Q ∼ (T bh − T c ) −2/3 , namely the critical exponent is −2/3, which is the same as the one from the mean field theory. In addition taking logarithm to (2.18), we find there is always a linear relation
with 3 the slope. Next, we will employ this relation to check the critical exponent of heat capacity in entanglement entropy-temperature plane as well as two point correlation functiontemperature plane.
Van der Waals Phase transition in the framework of holography
Having obtained the phase structure of thermal entropy of the quintessence Reissner-Nordström-AdS black hole, we will study the phase structure of the non-local observables such as entanglement entropy and two point correlation function in the filed theory. We intend to explore whether they have the similar phase structure and critical behavior as that of the thermal entropy.
Van der Waals Phase transition of entanglement entropy
According to the formula in [39, 40] , the entanglement entropy can be given by the area A Σ of a minimal surface Σ anchored on ∂Σ, to wit
where G is the Newton's constant. Based on the definition of area and (2.3), (3.1) can be rewritten as
in which r ′ = dr/dθ and θ 0 is the boundary of the entangling region in θ direction. Making use of the Euler-Lagrange equation, one can get the equation of motion of r(θ)
3)
It seems to be impossible to get the analytical solution of r(θ), so we will solve it numerically with the boundary conditions
Note that the entanglement entropy is divergent at the boundary, so it should be regularized by subtracting off the entanglement entropy in pure AdS with the same entangling surface and boundary values. We label the regularized entanglement entropy as δS. For the numerical computation, we choose θ 0 = 0.16 and set the UV cutoff in the dual field theory to be r(0.159).
To compare with the phase transition of thermal entropy, we will study the relation between the entanglement entropy and Hawking temperature, which is regarded as the temperature of the dual field theory. The numeric results for different ω and a are shown in Figure 3 . As the same as that of the thermal entropy, in (a) and (b) in Figure 3 , the curves from top to down correspond to the isocharges for the case Q = 0.6/6, 1/6, 1.4/6 individually. In (c) and (d), these curves correspond to Q = 0.6
. For a fixed ω and a, we find the phase structure of entanglement entropy is the same as that of the thermal entropy. Namely the phase transition is similar to that of the Van der Waals Phase transition. In other words, the phase structure depends on the charge of the black hole. For the small charge, the small stable black hole will transfer to the large stable hole as the temperature is higher than the critical temperature, and this transition is first order. As the charge grows to the critical charge, the small hole and the large hole merge so that the unstable hole shrinks into an inflection point, where the transition for the small hole to the large hole is second order. For a large enough charge, a large stable hole forms and the entanglement entropy grows monotonously as the temperature rises. From Figure 3 , we can also observe how ω and a affect the phase structure of entanglement entropy. From the top curves in (b) and (d), we know that as ω decreases, the unstable stage is longer, and from the top curves in (c) and (d), we know that as a decreases, the unstable stage is shorter. These effects are the same as that of the black hole entropy in Figure 1 .
Adopting the same strategy as that of the thermal entropy, we will check Maxwell's equal area law for the first order phase transition. In the δS − T plane, we rewrite the equal area law as
in which T (δS) is an Interpolating Function obtained from the numeric result, and δS 1 , δS 3 are the smallest and largest roots of the equation T (δS) = T ⋆ . Surely T ⋆ is the first order phase transition temperature for a fixed ω and a, which can be read off from Figure 2 . For different ω and a, the results of δS 1 , δS 3 and A 1 , A 3 are listed in Table ( 2). It is obvious that A 1 equals nearly A 3 for a fixed ω and a. That is, the equal area law is also valid for the first order phase transition of entanglement entropy. This result is the same as that of the thermal entropy of the black hole. Table 2 : Check of the equal area law in the T − δS plane for different ω and a.
In order to study the critical exponent of the second order phase transition in the δS − T plane, we define an analogous specific heat capacity
Provided a similar relation as that in (2.19) is satisfied, then with (3.6) we can get the critical exponent of second order phase transition of entanglement entropy. Here we are interested in the logarithm of the quantities T bh − T c , δS − δS c . For different ω and a, the relation between log | T bh − T c | and log | δS − δS c | are plotted in Figure 4 , in which T c is the critical temperature which have been defined in (2.12) as well as (2.15 We find for all the ω and a, the slope is always about 3, which is consistent with that of the thermal entropy. That is, the entanglement entropy has the same second order phase transition behavior as that of the thermal entropy.
Van der Waals Phase transition of two point correlation function
In previous section, we have shown that the entanglement entropy has the same phase structure as that of the thermal entropy. In this section, we intend to explore whether the two point correlation function has the similar behavior as that of the entanglement entropy. According to the AdS/CFT correspondence, the equal time two point correlation function under the the saddle-point approximation can be holographically approximated as [41] if the conformal dimension ∆ of scalar operator O is large enough, where L is the length of the bulk geodesic between the points (t 0 , x i ) and (t 0 , x j ) on the AdS boundary. Taking into account the spacetime symmetry of the quintessence Reissner-Nordström-AdS black hole, we can simply let x i = θ with the boundary θ 0 . We will also employ θ to parameterize the trajectory and in this case the proper length is given by 9) in which r ′ = dr/dθ. Imagining θ as time, and treating L as the Lagrangian, one can get the equation of motion for r(θ) by making use of the Euler-Lagrange equation, that is
We will also use Eq.(3.4) to solve this equation. We choose θ 0 = 0.16 and set the UV cutoff in the dual field theory to be r(0.159). We label the regularized two point correlation function as δL. For simplicity in this section, we fix ω = −2/3. The relations between δL and T bh for different a ares shown in Figure 5 . In each figure, the curves from top to down correspond to the isocharges for Q = 0.6/6, 1/6, 1.4/6. Comparing Figure 5 with (a) and (b) in Figure  3 , we find they are the same nearly. That is, the phase structure of the two point correlation function is also similar to that of the Van der Waals-like phase transition. To further confirm Table 3 : Check of the equal area law in the T − δL plane for different a .
this conclusion, we will also pay attention to the equal area law for the first order phase transition and critical exponent for the second order phase transition. In the δL − T plane, we define the equal area law as 11) in which T (δL) is an Interpolating Function obtained from the numeric result, and δL 1 , δL 3 are the smallest and largest roots of the equation T (δL) = T ⋆ . For different a, the results of δL 1 , δL 3 and A 1 , A 3 are listed in Table (3) . From this table, we can see that A 1 equals A 3 in our numeric accuracy. It is obvious that the equal area law is also true in the δL − T plane. In other words, similar to the entanglement entropy, the two point correlation function also exhibits the first order phase transition as that of the thermal entropy. By defining an analogous heat capacity
we can also study the critical exponent of the heat capacity for the second order phase transition in the δL − T plane. Similar to that of the entanglement entropy, we are interested It is obvious that the slope is also about 3, which is consistent with that of the thermal entropy. That is, the two point correlation function also has the same second order phase transition as that of the thermal entropy.
Concluding remarks
We have investigated detailedly the Van der Waals-like phase transition in the quintessence Reissner-Nordström-AdS black hole in a fixed charge ensemble. We first investigated the phase structure of the thermal entropy in the T − S plane and found that the phase structure depends on the charge of the black hole. For the small charge, there is always an unstable hole interpolating between the small stable black hole and large stable black hole. The transition for the small hole to the large hole is first order and the equal area law holds. As the charge of the hole increases to the critical value, the unstable hole merges into an inflection point where the phase transition is second order. While the charge is larger than the critical charge, the hole is stable always. We also discussed the effect of ω as well as a on the phase structure and found ω promote the hole to reach the stable phase while a delays. Interestingly, we found that the nonlocal observables such as entanglement entropy and two point correlation function also exhibit the similar phase structure in the T − δS plane and T − δL plane respectively. The influence for ω and a on the phase structure is the same as that of the thermal entropy. To confirm this observation, we further showed that the equal area law holds and the critical exponent of the heat capacity is consistent with that of the mean field theory for both the entanglement entropy and two point correlation function. These results imply that the entanglement entropy and the two point correlation function are indeed a good probe to the phase transition.
